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exact values. For b/a = 4 the classical and the optimized
Kantorovich method yield the same value of the dimen-
sionless temperature.

Consider now the case where

p(x,3) = =0.2p0% (23)
which is the problem studied by Djukic and Atanackovic [1]
and where their interesting extension of the Kantorovich
method is tested. The problem is symmetric with respect to
the x-variable and antisymmetric with respect to y. Accord-
ingly the previously obtained expressions for f(x ,,¢), M
and N are applicable for this situation,

On the other hand the determination of g(y) is straight-
forward.

In the case of a square shape the maximum value of
18/(poa*/k)}is 0.01138 while the approach presented in ref. [1]
yields 0.01324. The present, optimized Kantorovich method
yields 0.01165 which is in excellent agreement with the exact
result.

Figure 2 yields a comparison of dimensionless temperature
values as a function of y/a for x/a = 0 in the case of a square
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shape. The values of y and ¢ which minimize the functional
are 6.7 and —0.5, respectively.
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1. INTRODUCTION

TwO TEMPERATURE heat transfer in porous media and packed
beds can be described by two coupled partial differential
equations for the solid and fluid phases. An analytical solu-
tion for two phase heat transfer which includes time depen-
dence, and heat source terms is important for modeling in
such applications as predicting wall heat loss in reactors.
Exact solutions to the coupled system are useful in that,
in some cases, they require much less programming and
computer time than finite difference solutions. Past solution
techniques have proceeded by neglecting various terms in the
equations [l, 2]. Burch er al. [3] introduced the idea of
the interacting boundary conditions at the inlet face of the
reactor for the two phase problem. Toovey and Dayan [4]
presented an ingenious solution when fluid diffusion and
heat capacity are neglected. What one feels is needed is a
very general treatment of the heat transfer problem in porous
media. In particular one contends that for problems with
low Reynolds numbers it is not valid to neglect the diffusivity
of the fluid or heat capacity (particularly when the fluid
is very dense). In this note two new solutions to the time
dependent, non-homogeneous problem are developed. The
first solution utilizes an eigenfunction expansion and will be
useful for problems when diffusion and convection are of
the same order of magnitude. The solution is based on an
eigenfunction expansion in the axial coordinate. Numerical
results are presented for the case of a cylindrical reactor. The
second solution is exact with no approximations and is valid
for problems where source terms do not depend on position
in the sample. A uniqueness proof has been developed and
is presented elsewhere [2].

2. THE PROBLEM

One wishes to determine the distribution of temperatures
of solid and fluid phases in a packed bed where the fluid may
be moving relative to the solid. Let the temperature of the
fluid and solid be T; and T,. The superficial velocity of the
fluid is v;. The differential equations for the heat transfer are

oT,
VT, = VT, (T~ T)+ i)
oT,
ot = a’Vz Ts+hs(Tf—' Ts) +gs(ra t) (1)

K is the dimensional heat transfer coefficient, #; = A'L?/k;,
hy = W' L?peci/pecke; o, o, are thermal diffusivities ; g; and g,
are the non-dimensional source terms for fluid and solid,
respectively. Also the non-dimensional variables ¢, z, T, r, v
are related to dimensional quantities ¢, 2/, v/, 77, v’ by
t'=tty, z'=zL r=rL, T =TT, v =uvlLjt, and
19 = L*/ay, o = /ot The initial conditions are given by

Tt =0) = F(F), Tt =0)=F(). @
The boundary conditions on the bounding surfaces are deter-

mined by an analysis of the problem of uniqueness [2]. In
general one can write

VI,:i=HT,—T) 3)

where (v =s,f), H is a constant and Tj, is the temperature
of the surroundings.
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a radius of reactor

¢; specific heat

C; constant

/. cigenfunction

F, (initial conditions

g; source terms

h  heat transfer coefficient

H  convection coefficient

Jo Bessel function of order zero
k’  thermal conductivity

L axial extent

R temporary variable

R, coefficient of eigenfunction

NOMENCLATURE

s Laplace transform variable
T, temperature

v, velocity fluid

x; temporary variables.

Greek symbols
o diffusivity
eigenvalue
n  decay factor
A, eigenvalue
& decay factor
P

density.

B

3. SOLUTION USING AN EIGENFUNCTION
EXPANSION FOR A CYLINDRICAL
REACTOR

For many applications the solution to the system of equa-
tions (1) in cylindrical coordinates is quite important. Con-
sider the reactor of radius a and axial extent (0,1) with
fluid flow only in the axial direction. One wishes to find the
temperature distribution of the solid and fluid phases in the
(r, z) plane. The Hankel transforms are defined by

T= J ’ FI(Br T 2, 1) dr’ (4
0

where J, are the (normalized) Bessel functions of the first
kind and B,, are eigenvalues. If equation (3) is used for the
temperature, then the eigenvalues are obtained from
dJo(B.a)
dr

The spatial transform is defined by

= HIy(Bna). 5

|
T= J exp (—vz’) [,(Z)T(r, 2, 1) dz’ 6)
o
where the eigenfunctions for the axial coordinate satisfy
d%,/d2? —ov,df,/dz = —A2], @)

where A, are the eigenvalues of the operator. The boundary
conditions are given by

df,/dz = Hf,. ®)
The inverse transform is defined as
T=Y2T.f(2). &)

Therefore, equations (7) and (8) constitute a Sturm-—-Liou-
ville boundary value problem. The eigenfunctions f, form a
complete set and the eigenvalues A? are all real numbers and
not more than a finite number of them are negative. The
eigenfunctions are orthogonal over the interval [0, 1 with
respect to the weight function exp (—wv;z). The norm is
defined as

Ifull® =L exp (—v;2) f7(2) dz. (10)

In the following analysis it is assumed that the eigenfunctions

are normalized. The general solution to equation (7) can be

written as
£n2)

= (2) "2 exp (v;2/2) [cos (yz) + R, sin (yz)]  (11)

where R, and y are constants to be determmed by equation
(8). The constant y is determined from, 4> = y? 40 /4

[(v;/2—-H)—vytanyl] —tr H
(—o2+HytanyL—y \ 2y T3 (12)
and the constant R, is determined from
R, = (H—v:/2)/y. (13)

If one specifies temperatures at z = 0,1, then the eigen-
functions are sin (nnz) exp (v;z/2) and the eigenvalues are
22 = (nm)? 4 v}/4. After taking the Hankel, Laplace and spa-
tial transforms of equations (1), the following constants are
obtained :

= —[}'3+ﬂr%r+hf]9 Cr=he

= =d 0T
C= {g-f- T; i [f,,exp(—vfz)]l(‘,-%—a[%r—f (r = &) Jo(Bna)
e a®i0]

2
oo (o] o

Co= [gsw a[av = ) o(Bo) — LD 1 a)}

= d
o't d— fnexp(_l’fz)]10+c}
1 -
C,=u ”_rznjff T,cos (nnz) exp (—uv,z) dz. (14)
0

Here - denotes combined Laplace, axial and Hankel trans-
forms. The solution for the temperatures is then obtained by
inverting the Laplace, axial, and Hankel transforms

T =3 S I o) {AW exp(— 12 t/2) sinh G,,,1

+F, [exp (— B,,t/2) cosh G,,t

B,,exp(

—B,,,t/2)sinh G,,,t
2G
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+ J‘[ D, (z) €xp (B, (t—17)/2) cosh G,,,(t —7) dT
0

Evmn (T) —

+
I

x sinh G,,,(1—1) dr}

‘—25'”"—] exp (— B,m(t—1)/2)

(15)

where (v =s,f) and

Agmn = Csﬁr- CIFv Agpn = C2F5_C4Ff
B,,= —(C,+C,), Cppn = C1C4— CoCs
Dy,,,(1) = C3(v), Egp = CCe(1) — CiCs(7)
Dypn(t) = Co(), E = C5C3(1) — C,Ce(1)
Br%m 1/2
Gmn = (T - Cmn)
where ™ denotes combined Hanke| and axial transforms. To

a very excellent approximation one can assume C; = 0. This
approximation is valid when (v:/2)?— (nm)? » venm which
amounts to stating v >» 3.41nx or v; « 0.6nm. Note that these
conditions are valid for most problems for small » (which is
all that is necessary since at large n the system has converged).

4. EXACT SOLUTION WHEN THE SOURCE
TERMS DO NOT DEPEND ON AXIAL
COORDINATE

An exact solution with no approximations is possible for
equations (1) when the sources g(¢) depend at most on time.
If one writes the solution to equations (1) as

(T =T+To() v=s1], (T(=0)>=0 (16)

where T, is a function only of time and is given by

To= J; exp[—(h+h)(1—7)]

x U: [hg(0) + heg(0)] dO +gs(r):l dr (17)

Ty = — :—fTOS -[ < {0)+ h‘g"(e)) df.

Then T, is the solution to the homogeneous forms of equa-
tions (1). The solution to equations (1) can be found by
taking Laplace transforms and substituting the resultant
equations into each other to decouple

d*T; v d3T;
dz* dz?

(18)

d2T,
—[(s+h)/e + (s+h)] Ez—‘
hshf

(s-+h,) dT;

tTe &

where s is the Laplace transform variable. Then the solid
temperature can be found from

Ur dT; £ d? Tf

h T+ — — .

= Ot DTt G &~ hdz?

To solve these equations one assumes an exponential solution

TH(z,8) = Qexp (nz), and substitute into equation (19) to

yield a quartic equation which can be solved in a straight-

forward manner. If one defines the following constants one

can write the solution

X, = —vfay, Xy =
Xy = vlls+h)/oca,

T,=0 (19)

(20)

— (@ h)/oas—(s+he) /o,

= hhe/((s/hg+ D) (s/he+ 1) — Doy, Xs= —X,,

X = (X X;~4X), X;= —XiX,+4X,X,— X},
1 1
X8=§(3X6_X§)9 X9 =ﬁ[2Xg_9X5X5+27X7],

Y= % +[—=Xo/2+ (X3/4+ X313

X 1/3
+[ 9—(X§/4+X/27)'/2],

= [X}/4—X,+¥]"?,
4X, X, —-8X; - X1 |'?
4R '

o, 4X, X, —8X, - X} |
E=[T—R R

The roots are then given by
n=—X,/4+R/2+D/2, —X,/4—R/2+E[2.
So the general solution can be written as
T; = A’exp (n,2) + B’ exp (11,2) + C”exp (1;2) + D’ exp (42).
21

T, is found by substituting equation (21) into equation (20),
and constants 4’, B’, C’, D’ can be found by applying the
boundary conditions of equation (3) at z =0, 1. For time
independent problems, equation (21) is the closed form solu-
tion, whereas for time dependence it is necessary to take the
inverse Laplace transform. Solutions to equations (21) are
plotted in Figs. 3 and 4 for various v; and A.

2X,+

5. NUMERICAL RESULTS

In order to check the solution (equation (15)) a numerical
example was generated on a computer for a packed bed
immersed in a fluid that was assumed infinite in radial extent.
The axial dimensions were [0,0.1]. The bed was maintained
at z=0 at a temperature of T = 1.0, and at the bottom
(z = 1) the temperature was maintained at T = 0. Note that
in this position one utilizes interacting boundary conditions
at the endpoints. The problem then is to obtain both the
fluid and solid temperatures as a function of time. The tem-

& N w b o

TEMPERATURE
o

O 1 2 3 4 6 6 7 & & 10
AXIAL DISTANCE (2/L)

FiG. 1. Solution to equation (15) with ¢ = 1000 s, v, =0,
(=00,=1%x10"*"m?s"", a, = 2x 10~ ¥ m?s™!, fluid tem-
perature with &’ = 0 (dotted line), with &’ = 100 WeoC-'m-?

(solid line), solid temperature with 4’ = 0 (thin dashed line)
and for 4’ = 100 W °C~' m~* (heavy dashed line).
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FiG. 2. Solution to equation (15) with 1 =100 5, v; =0,
=018 op=1x10""m?s™ !, o, = 2% 10~%m’ s}, fluid
temperature with #” = 0 (dotted line), with &’ = 100 W °C~’
m~ (solid line), solid temperature with #” = 0 (thin dashed
line) and for &’ = 100 W °C~! m™* (heavy dashed line).

perature of the solid phase at the entrance (z = 0) is assumed
to warm as time increases due to the interaction of the solid
phase with the warmer fluid phase. One assumes the fol-
lowing temperature for the solid at the inlet (that is one
assumes that the solid temperature at the input point warms
due to the interaction with the warmer fluid)

Ty(z = 0) = Tp[l—exp (—¢0)] (22)

where ¢ is a decay constant which is set by experiment and
Ty is the inlet gas temperature. From Figs. 1 and 2 it can be

1.0

TEMPERATURE

6 4 .2 3 .4 .5 .6 7 8 .9
AXIAL DISTANCE (Z/L)

Fic. 3. The solution to equation (21) for v; =0, # =

1000 W °C' m™ a,=1x10"% m? s~', o= I x10"*

m s, Fiz=0)=04°C, Ti(z = 1) = 0, T(z = 0) = 1°C,
Hz=1) =0
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F1G. 4. The solution to equation (21) for ;= 0.0l m s,
F=1000W°Cilm* ag=1x10""m?s !, o= 1 x107*
m? 57, Tz=0)=04°C, Ti(z=1)=0, Ti{z=0)=
1°C, Ti(z = 0) = 0.

seen that the effect of non-zero 4’ for this case is to warm the
solid phase and cool the fluid. The net effect of non-zero #’
with zero velocity is to produce equilibrium of the system.
For cases with fluid flow thermal equilibrium is not necess-
arily the result. In Figs. 3 and 4 the steady-state solutions to
equation (21) are plotted for various values of v;and #'. For
this example one specifies the temperatures of the fluid and
solid at the endpoints. In Fig. 3 the velocity is nonzero and
k' =0 so one can see that the fluid temperature is warmer.
In Fig. 4 both vy and &" are nonzero and one can see that the
fluid cools and the solid warms up due to interaction.
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